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We present a general solution of hydrodynamic resistance of close-approached slippery surfaces with a
nanoasperity or a nanobubble as an idealized roughness effect. Based on Reynolds’ lubrication theory and a
simple slip boundary condition, the pressure distribution in the thin liquid film is predicted analytically and the
total hydrodynamic resistance force at limiting cases are formulated in terms of correction functions to the
Taylor’s equation. Accessible parameters are included for the drainage experiment using atomic force micro-
scope or surface force apparatus. We provide case studies to demonstrate the implication of roughness effect
and the possible uncertainties involved in the dynamic force measurement. We found that in the lubrication
regime, the hydrodynamic resistance is dominated by the local behavior near the asperity, thus the apparent slip
length can not always represent the surface roughness.

DOI: 10.1103/PhysRevE.72.066306 PACS number�s�: 47.15.Gf, 68.08.�p, 68.15.�e

I. INTRODUCTION

The growing interest to fluid flow and mass transfer at
nanoscale in confined geometries has introduced new re-
search themes and questions to consider. Among them, the
understanding of surface and interfacial phenomena such as
wettability, slippage, roughness effect, elastic deformation,
dispersion stability, and nanobubbles appeared on the flow
and boundary has provided scientific foundation and oppor-
tunities to advance technologies including the manufacturing
processes in food, pharmaceutical, biochemical, and semi-
conductor industries. An important issue well-recognized in
the field of fluid science is that at the solid-liquid interface
the classical no-slip condition does not always applicable �1�,
and in many cases it is necessary to correct the boundary
condition with an amount of slippage relative to solid surface
�2�. A simple hypothesis assumes that the slippery fluid ele-
ment immediately in contact with the solid surface is resisted
by the tangential traction f t, which is proportional to the slip
�tangential� velocity vs. The proportional constant is defined
as the friction coefficient � �1�, expressed as f t=�vs
=��vs /�n where � is dynamic viscosity and n is the surface
normal directed into the liquid. It is also convenient to define
the slip boundary condition using an apparent slip length b
�2� as vs=b�vs /�n, where b=� /�. The proposition based on
linear extrapolation of the velocity profile near the wall al-
lows one to change the boundary condition from b→0 �no-
slip� to b→� �no tangential stress� or to shift the wall posi-
tion into the solid by a distance b so that one can
accommodate the slippage by using a no-slip boundary con-
dition in physical models.

At the atomic level, the slip length related to the fluid
structure and the nonwetting surface have been theoretically
simulated by molecular dynamics of Lennard-Jones �LJ� liq-
uids �3–5�. A general nonlinear relationship between the slip
and shear rate was established using LJ liquid for the Couette
flow �4�. At the continuum level, it is commonly accepted

that simple liquid do not slip on a smooth hydrophilic sur-
face �6,7� except that the fluid flow is under a very high shear
rate. Slip behavior can be caused by hydrophobicity, rough-
ness, and the appearance of nanobubbles. For a smooth sur-
face the best known example is the flow passing through a
hydrophobic surface �8�. Such a slip was theoretically pre-
dicted �9,10� and experimentally measured �7,11,12�, al-
though on the experimental side the microphysics is less
clear. It is commonly agreed that roughness of a hydrophilic
surface causes viscous dissipation and leads to a no-slip con-
dition �13�. Considerable theoretical efforts on fluid flow
over a rough surface were focused on how to define an
equivalent smooth surface. The mimetic roughness condi-
tions range from an atomic level irregularity with various
arrangement of surface atoms �14�, microscopically ran-
domly perturbed �15� or sparsely protruded surfaces �16�, to
the periodically arranged corrugated surface �17,18�. The
fundamental importance of hydrodynamic interaction of
rough particles related to the rheological properties of the
particle suspension was carefully studied �19,20�, where the
sub-millimeter scale asperities generated were bonded to the
large sphere by the sprinkling method or by rolling over the
sand glass. However, a realistic formulation for a naturally
rough surface is still formidable because of the uncertainties
involved in complex hierarchical surface structure and non-
uniform surface properties. Experimentally, situation seems
to be not very clear. Thus, the apparent slip was recently
reported for rough hydrophilic surfaces �21� Since the sur-
face roughness can only increase viscous dissipation and the
hydrodynamic resistance, it is naturally to suggest that the
significant reduction in the viscous force interpreted in terms
of apprarent slip reflects mostly the way of determination of
the wall position. Indeed, the representative wall position can
not be easily decoupled with the apparent slip length for
either sparsely or densely, randomly or regularly packed as-
perities, at least for those experiments using atomic force
microscope �AFM� and surface force apparatus �SFA�. How-
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ever, as we will show below, just the idea of shifting the wall
position is not sufficient to present surface roughness effect
at least for the case with sparsely distributed asperities. Fi-
nally, slippage might also be a consequence of formation of
nanobubbles �22�. The appearance of nanobubbles is closely
related to cavitation, roughness �7,23� and hydrophobicity
�22,24–27�.

Early measurements for the slippery behavior were based
on the change of flow rate or drag reduction as compared
with those for the no-slip cases �28,29�. Direct measurement
of the velocity profile adjacent to the slip surface is possible
by using optical techniques such as total internal reflection
and fluorescence recovering kinetics after photobleaching
�30,31�, particle image velocimetry �32,33�, and double-
focus fluorescence cross-correlation method �34�. A combin-
ing technique with optical trap and evanescent wave light
scattering �35� may provide an alternative way to access the
slip boundary condition. The so-called drainage method �see
�6,7,36� for details� that allows measurement of the hydro-
dynamic resistance with high accuracy was used to deduce
the correction function �37� compared with the Taylor’s
equation based on Reynolds’ lubrication theory. Apparent
slip length was determined by high speed force measure-
ments using SFA �12,38� and AFM �7,21�. After Reynolds
�39�, the earliest literature related to drainage method is
Lorentz’s contribution in creeping flow for a spherical par-
ticle moving towards a plane wall �40�. The total resistance
force F has been approximated by the singularity and image
method at the limit of relatively large separation distance h
compared to the particle radius R with approaching speed v
�Fig. 1�,

F = 6��vR�1 +
9

8

R

h + R
� �1�

When the separation distance is relatively small or in the
lubrication regime, one can evaluate the resistance force

from the Taylor’s equation for the case with no-slip boundary
condition,

F = 6��vR2/h �2�

The origins of this equation has been discussed �38� and
concluded that Taylor solved this problem first although he
never published the result, and the literature in 1924 often
referred by the research community, does not exist. Perhaps
it is because the derivation is straightforward from the Rey-
nolds’ approximation, researchers often consider Eq. �2� as
an obvious result of Reynolds’ lubrication theory. Brenner
�41� laid out the exact solution

F = 6��vR� �3�

where

� =
4

3
sinh����

n=1

n=�
n�n + 1�

�2n − 1��2n + 3�

	 � 2 sinh��2n + 1��� + �2n + 1�sinh�2��
4 sinh2��n + 1

2 ��� − �2n + 1�2 sinh2���
− 1� , �4�

and �=cosh−1��h+R� /R�. His solution covers both limiting
cases solved by Lorentz and Taylor �Fig. 1�. When R /h→0,
�→1, the drag force approaches to the Stokes resistance law.
As R /h→�, �→R /h, the resistance force is consistent with
the Taylor’s equation. For slippery cases, Basset �42� has
formulated a correction to the Stokes law �R /h→0�,

F = 6��vR
�R + 2�

�R + 3�
�5�

where � is the friction coefficient. And in the lubrication
regime �R /h→��, Vinogradova �37� modified the Taylor’s
equation by a correction factor f*,

F =
6��vR2

h
f*, f* =

h

3b
��1 +

h

6b
�ln�1 +

6b

h
� − 1	

�6�

where b is the slip length for both smooth surfaces and the
correction factor f* depends on the ratio h /b.

Our contribution in this paper focuses on formulating f*

for the surfaces covered by sparsely distributed asperities or
nanobubbles. This arrangement is typical for a dynamic force
measurement in the lubrication regime. Indeed, nanoasperi-
ties or nanobubbles are likely appeared at the surfaces that
are considered to be molecularly smooth and could hardly be
detected by AFM imaging �25,26�. Although it is difficult to
tell which asperity or any asperity at the surface of AFM
colloidal probe is actually near or in contact with the sub-
strate, the flow field and pressure distribution can be under-
stood by the simplified model with single asperity or a
trapped nanobubble arranged along the center line. We found
that the well-accepted idea of effective hydrodynamic sur-
face roughness is not applicable for the limiting cases when
the asperity is loosely packed, and the resistance force can be
dominated by the local behavior around the small asperity.
Thus a flow pasting through a rough surface is not always
equivalent to a flow through a smooth surface with slippage.

FIG. 1. Creeping flow resistance force for a spherical particle
approaching toward a planar surface with no-slip boundary
condition.
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We have reformulated the correction factor to the standard
expression Eq. �6� to accommodate these effects.

II. ANALYSIS

Figure 2 shows the physical arrangement for the drainage
analysis. We apply cylindrical coordinate system for the axi-
symmetric configuration with the radial coordinate axis r
pointed outward, the axial coordinate axis z pointed upward,
and the origin �r=0, z=0� affixed to the center point of the
planar surface. The simplified roughness condition is repre-
sented by a symmetric asperity or an entrapped nanobubble
with radius Rs protruded from the surface of the large spheri-
cal particle with radius Rl. Both spherical profiles have their
center points located on the z axis. The solid sphere is mov-
ing toward the planar substrate with constant approaching
speed v �v
0�. The intersection point of the two spherical
profiles is located at �r=ra, z=Ha�, and the dimensions hl and
hs are the minimum separation distances between the
extended large spherical profile and the asperity surface
to the planar substrate, respectively. All hydrophobic sur-
faces are chemically similar with slip length b defined by
vs=b�vs /�n. Parameters �l, �s, and � are useful in finding
hl and Rs in practical measurements using AFM instrument
with a colloidal particle attached to the cantilever. The model
is developed for Newtonian fluid with low Reynolds number
and relatively rigid surface/interface. We assume that the thin
liquid film has thickness much smaller than the characteristic
lengths of the small asperity, Rs, and the large particle, Rl, so
that the hydrodynamic theory of lubrication �39� is appli-
cable. In a simplified aqueous environment, we neglect elec-
trical and molecular-level interactions between the slippery
surfaces to facilitate the analytical solutions as a first step of
further investigations.

A. Drainage flow with a spherical nanoasperity

Considering a spherical profile, �z−Rl−hl�2+r2=Rl
2, the

position of the upper boundary for the large sphere can be

defined by the solution of the quadratic equation, z=Rl+hl
− �Rl

2−r2�1/2, and be approximated by the paraboloid of revo-
lution, z
hl+r2 /2Rl �37�. Similarly, the paraboloid profile is
used to describe the boundary of the protruded spherical as-
perity. Thus we can define the position of the upper boundary
for the thin liquid film and separate it to the inner and
outer regions in r direction: z=hs+r2 /2Rs for 0
r
ra and
z=hl+r2 /2Rl for ra
r��. For a low Reynolds number
flow, the velocity field v=vrêr+vzêz satisfies the Stokes ap-
proximation, �p=��2v, where p is the pressure field and �
is the dynamic viscosity. By further assuming that
hs+r2 /2Rs�Rs and hl+r2 /2Rl�Rl, the governing system
based on the classical lubrication theory �39� in a cylindrical
coordinate system is simplified to the r-momentum equation,

dp�r�
dr

= �
�2vr�r,z�

�z2 �7�

The z-momentum equation reduces to �p /�z
0 and the
pressure field is only a function of r. The continuity equation
can be replaced by the integral form �43� for the drainage
rate across the circumferential area of the thin liquid film,
written as

Q̇ = 2�r�
0

H�r�

vr�r,z�dz = �r2v, H�r� = h +
r2

2R
�8�

where v is the constant approaching speed of the particle
�Fig. 2�, and the upper limit of the integral is defined by H�r�
to simplify the notation here and for the following sections.
Equations �7� and �8� are complemented by the velocity and
pressure boundary conditions,

vr = b
�vr

�z
at z = 0 �9�

vr 
 − b
�vr

�z
at z = h +

r2

2R
�10�

p = 0 as r → � �11�

The governing system and the velocity boundary conditions
above are applicable for both inner and outer regions of the
thin liquid film. The exact solutions for the pressure and
velocity fields are derived as follows.

1. Inner solution for 0ÏrÏra

The general solution of Eq. �7� is given by

vr =
1

�

dp

dr

z2

2
+ Az + B �12�

where the constants A and B are determined by the boundary
conditions, Eqs. �9� and �10�. By letting Hs�r�=hs+r2 /2Rs,
we have

A = −
1

2�

dp

dr
Hs, B = bA �13�

and the solution vr can be written as

FIG. 2. Drainage of a thin liquid film confined between slip
surfaces with an idealized roughness effect—a nanoasperity or an
entrapped nanobubble protruded from the approaching surface.
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vr�r,z� =
1

2�

dp

dr
�z2 − �z + b�Hs� �14�

Considering mass conservation, Eq. �8�, we can substitute
and integrate vr to obtain the pressure gradient

dp

dr
= − �vr�Hs

3

6
+ bHs

2	−1

�15�

Another approach to find the pressure gradient is to apply
definite integration to the continuity equation, however, it
requires extra boundary condition, dp /dr=0 at r=0, and a
careful consideration of the Leibniz integral rule to eliminate
the velocity component vz at the slippery boundary �37�. In-
tegrating Eq. �15� after transforming the dummy index from
rdr to RsdHs, the pressure field is given by

p�r� =
3�vRs

Hs
2 �Hs

3b
−

Hs
2

18b2 ln�1 +
6b

Hs
�	 + C �16�

where the constant C is to be determined by the matched
condition located at r=ra.

2. Outer solution for raÏr��

Equations �7�–�13� are applicable for the solution in the
outer region ra
r�� except that Hs is replaced by Hl
where Hl�r�=hl+r2 /2Rl. Similarly, the velocity field in the
outer region is

vr�r,z� =
1

2�

dp

dr
�z2 − �z + b�Hl� �17�

And the pressure gradient becomes

dp

dr
= − �vr�Hl

3

6
+ bHl

2	−1

�18�

The corresponding pressure field is given by

p�r� =
3�vRl

Hl
2 �Hl

3b
−

Hl
2

18b2 ln�1 +
6b

Hl
�	 + D �19�

where the constant D vanishes due to the far-field boundary
condition defined by Eq. �11�.

3. Matched solution

The unknown constant C in Eq. �16� can be determined
by matching the pressure distributions, Eqs. �16� and �19� at
the location r=ra. We define the thickness of the thin liquid
film at the matched point using notation Ha, where
Ha=Hl�ra�=hl+ra

2 /2Rl=Hs�ra�=hs+ra
2 /2Rs, and the results

are matched as

C =
3�v�Rl − Rs�

Ha
2 �Ha

3b
−

Ha
2

18b2 ln�1 +
6b

Ha
�	 �20�

In summary, the pressure distributions are

p =
3�vRs

Hs
2 p*�Hs� +

3�v�Rl − Rs�
Ha

2 p*�Ha� �21�

for 0
r
ra, and

p =
3�vRl

Hl
2 p*�Hl� �22�

for ra
r��, where p* is defined by the general form

p*�H� =
H

3b
−

H2

18b2 ln�1 +
6b

H
� �23�

as a dimensionless correction function according to the solu-
tion developed for the close-approached spherical particles
without roughness effect �37�.

Since the total hydrodynamic force acting on the solid
sphere is dominated by the pressure force, dF
 p�r�2�rdr.
Transforming the dummy index from rdr to RdH we can
integrate Eqs. �21� and �22� over their corresponding do-
mains to obtain the total force acting on the particle,

F = 2���
hs

Ha

p�r�RsdHs + �
Ha

�

p�r�RldHl� �24�

After simplification, the final result can be expressed by

F =
6��vRl

2

hl
f* �25�

where f* is the dimensionless correction function for the total
resistance force, and we obtain

f* =
hl

3b
�Rs

Rl
�2��1 +

hs

6b
�ln�1 +

6b

hs
�

− �1 +
Ha

6b
�ln�1 +

6b

Ha
�	 +

hl

Rl
� ra

Ha
�2�1 −

Rs

Rl
��Ha

6b

−
Ha

2

36b2 ln�1 +
6b

Ha
�	

+
hl

3b
��1 +

Ha

6b
�ln�1 +

6b

Ha
� − 1	 �26�

Note that both velocity field and the pressure gradient can
also be matched at r=ra.

4. Asymptote for small b

To simplify Eq. �26�, we look for an asymptote
for the case with small slip length b. Indeed, when
b�O�hs�
O�hl�
O�Ha�, Eq. �26� can be expanded to

f* = �Rs

Rl
�2 1

3�2
�1 + 3�1 − 6�1

2 + ¯ − �1 + 3�3 − 6�3
2 + ¯ ��

+
hl

Rl
� ra

Ha
�2�1 −

Rs

Rl
��1/2 − 2�3 + 9�3

2 + ¯ � +
1

3�2
�3�3

− 6�3
2 + ¯ � �27�

where the small parameters �1
�3 are defined by

�1 = b/hs, �2 = b/hl, �3 = b/Ha �28�

Since ��1−�3� /�2=ra
2hl / �2RshsHa�, and �3 /�2=hl /Ha, the

leading order approximation for Eq. �27� gives a simple
form,
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f* 

ra

2hl

2RshsHa
�Rs

Rl
�2

+
hl

2Rl
� ra

Ha
�2�1 −

Rs

Rl
� +

hl

Ha
�29�

The leading behavior, Eq. �29�, is the exact solution for the
case with no-slip boundary condition, b=0. Similarly, by
considering b�O�Hs�
O�Ha�
O�Hl�, and letting �=b /H,
the correction function for the pressure field Eq. �23� can be
approximated by

p* = 1 − 4� + 18�2 + ¯ . �30�

Thus the pressure fields for the case with no-slip boundary
condition are given by Eqs. �21� and �22� with the leading
effect of the pressure correction function, p*=1. And the
velocity fields are simply given by Eqs. �14� and �17� with
b=0.

For the extreme case with b→�, or �vr /�z→0 at both
boundaries, this approach will generate a physically unrea-
sonable result when the correction functions p* �Eq. �23��
and f* �Eq. �26�� both approach to zero. This misleading
result is because the second-order derivative term �2vr /�z2

vanishes in the governing Stokes equation, for that the estab-
lished lubrication model �Eq. �7�� based on this dominated
viscous term is no longer a valid approximation.

5. Limiting cases with large and small asperities

In the limiting cases with a very large asperity, Rs→Rl,
ra→�, we can replace Rs by R, hs by h, and Hs by H to
recover the result derived for the slippery surface without
roughness effect �37�. That is, the pressure fields in Eqs.
�21�–�23� approach to

p =
3�vR

H2 p*, p* =
H

3b
−

H2

18b2 ln�1 +
6b

H
� �31�

for 0
r��, and the hydrodynamic resistance force given
by Eqs. �25� and �26� approaches to Eq. �6�.

In the limiting case with a very small asperity, Rs→0,
ra→0, Ha→hl
hs, we can replace Rl by R, hl by h, and Hl
by H to recover the identical results given by Eqs. �31� and
�6�. When no-slip condition is further applied to these limit-
ing cases with very large and very small asperities, Eqs. �29�
and �30� comply with the Taylor’s equation where f*=1 and
p*=1.

B. Drainage flow with a nanobubble

We further consider the drainage flow with an undeform-
able gas bubble entrapped by a surface cavity. This assump-
tion is justified provided the maximum hydrodynamic pres-
sure located at the center position is at least an order of
magnitude smaller than the pressure inside the nanobubble.

1. Inner and outer solutions

The assumptions made for Sec. II A are also applicable
when replacing the spherical asperity by a nanobubble. Thus
the governing system does not change except that the veloc-
ity boundary condition, Eq. �10� is replaced by a free surface
condition with vanished shear stress for 0
r
ra,

�vr

�z

 0 at z = Hs = hs +

r2

2Rs
�32�

The corresponding inner velocity field is

vr�r,z� =
1

2�

dp

dr
�z2 − 2�z + b�Hs� �33�

From mass conservation principle, the corresponding pres-
sure gradient becomes

dp

dr
= − �vr�2

3
Hs

3 + 2bHs
2	−1

�34�

Thus

p�r� =
3�vRs

Hs
2 �Hs

6b
−

Hs
2

18b2 ln�1 +
3b

Hs
�	 + C �35�

for 0
r
ra, and the constant C is to be determined by the
matched condition. The outer solutions for ra
r�� are not
repeated since they are exactly the same as those presented in
Sec. II A 2.

2. Matched solution

At the transition region where r=ra and Hs=Hl=Ha, the
inner pressure field is determined by matching Eq. �35� and
the equivalent outer form, Eq. �19�. The constant C is then
given by

C =
�v
bHa

�Rl −
Rs

2
� +

�v
6b2�Rs ln�1 +

3b

Ha
� − Rl ln�1 +

6b

Ha
�	
�36�

In summary, the pressure distributions are

p =
3�vRs

Hs
2 p* + C, p* =

Hs

6b
−

Hs
2

18b2 ln�1 +
3b

Hs
� �37�

for 0
r
ra, and

p =
3�vRl

Hl
2 p*, p* =

Hl

3b
−

Hl
2

18b2 ln�1 +
6b

Hl
� �38�

for ra
r��. The total force acting on the particle
carrying the nanobubble can also be expressed by
F= �6��vRl

2 /hl�f* where the new modification function is

f* =
hl

6b
�Rs

Rl
�2

	��1 +
hs

3b
�ln�1 +

3b

hs
� − �1 +

Ha

3b
�ln�1 +

3b

Ha
�	

+
hl

6Rl
� ra

Ha
�2Ha

b
�1 −

Rs

2Rl
� −

hl

36Rl
� ra

Ha
�2Ha

2

b2

	�ln�1 +
6b

Ha
� −

Rs

Rl
ln�1 +

3b

Ha
�	

+
hl

3b
��1 +

Ha

6b
�ln�1 +

6b

Ha
� − 1	 �39�
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Note that only the pressure fields can be matched at r=ra.
The velocity fields and the pressure gradients have jump con-
ditions located at the matched point. This result suggests
there exists an overlapping region where the flow is in tran-
sition from fully slip to partially slip conditions. For a very
low Reynolds number flow, this undefined region is limited
to a very short distance as compared with the separation
distance Ha, thus the lubrication theory is not applicable in
this region. We assume this transition length is negligible to
avoid the complexity in solving full Stokes equation, and this
issue does not affect the result for total resistance force since
the pressure distribution is continuous.

3. Asymptote for small b

In the case of small slippage, b�O�hs�
O�hl�
O�Ha�,
Eq. �39� can be expanded by the small parameters �1, �2, and
�3 as listed in Eq. �28�,

f* = �Rs

Rl
�2 1

6�2
�1 +

3

2
�1 −

3

2
�1

2 + ¯

− �1 +
3

2
�3 −

3

2
�3

2 + ¯ �	 +
hl

Rl
� ra

Ha
�2�1 −

Rs

2Rl
� 1

6�3

−
hl

Rl
� ra

Ha
�2 1

36�3
2�6�3 − 18�3

2 + 72�3
3 + ¯

−
Rs

Rl
�3�3 −

9

2
�3

2 + 9�3
3 + ¯ �	 +

1

3�2
�3�3 − 6�3

2 + ¯ �

�40�

Replacing ��1−�3� /�2 by ra
2hl / �2RshsHa�, and �3 /�2 by

hl /Ha, the leading order approximation of Eq. �40� gives

f* 

hlra

2

8hsHaRs
�Rs

Rl
�2

+
hl

2Rl
� ra

Ha
�2�1 −

Rs

4Rl
� +

hl

Ha
�41�

This leading behavior is the exact solution for the case with
no-slip condition �b=0� at solid boundaries with a trapped
nanobubble. Similarly, for b�O�Hs�
O�Ha�
O�Hl�, the
constant C in Eq. �36� can be simplified,

C =
�v
bHa

�Rl − Rs/2� +
�v
6b2 �Rs�3�3 − 9�3

2/2 + ¯ �

− Rl�6�3 − 18�3
2 + ¯ ��

=
�v
6b2 �− 9Rs/2 + 18Rl��3

2 + ¯ 

3�vRl

Ha
2 �1 −

Rs

4Rl
� + O��3�

�42�

The correction functions for pressure distributions, Eqs. �37�
and �38�, are approximated by

p* =
1

4
−

1

2
�1 + ¯ �43�

for 0
r
ra, and

p* = 1 − 4�2 + ¯ �44�

for ra
r�� where the small parameters are redefined by
�1=b /Hs, �2=b /Hl, and �3=b /Ha.

For no-slip case, the pressure fields are given by the lead-
ing terms of Eqs. �42�–�44� with C=3�vRl�1−Rs /4Rl� /Ha

2,
p*=1/4 for 0
r
ra, and p* =1 for ra
r��, and the ve-
locity fields are conformed with Eq. �33� as the inner solu-
tion and Eq. �17� as outer solution with b=0.

4. Limiting cases with a small bubble

We further conclude the analytical solutions for four lim-
iting cases with undeformable nanobubbles and large solid
boundaries as follows.

�a� A very small bubble and large solid boundaries with
finite slip length b. In this limiting case, Rs→0, ra→0,
Ha→hl, we can replace Rl by R, hl by h, and Hl by H in Eq.
�38� for the pressure field, Eq. �39� for the total force, to
recover consistent solutions to those derived for a slippery
surface without roughness effect �37�, as already defined in
Eqs. �31� and �6�.

�b� A very small bubble and large solid boundaries with
b=0. When no-slip condition is applied to this limiting case
for 0
r��, Eqs. �41� and �44� can be further reduced to
f*=1 and p*=1, thus the resistance force is consistent with
the Taylor’s equation.

�c� A single nanobubble approaching to the substrate with
finite b. Without the mixed boundary condition for the upper
surface, the constant C vanishes as we define p→0 as
r→� using Eq. �37�. We can replace Rs by R and Hs by H
for the pressure field in Eq. �37� and recover the solution
derived for an infinitesimally slippery surface approaching to
a substrate with a finite slip length b �37�, given by

p =
3�vR

H2 p*, p* =
H

6b
−

H2

18b2 ln�1 +
3b

H
� �45�

for 0
r��. And direct integration of above equation gives

F =
6��vR2

h
f*, f* =

h

6b
��1 +

h

3b
�ln�1 +

3b

h
� − 1	

�46�

�d� A single nanobubble approaching to the substrate with
b=0. When b�O�h�
O�H� as an extreme condition in case
�c�, the leading order approximation of Eqs. �45� and �46�
lead to the exact solution when b=0,

p* =
1

4
, f* =

1

4
�47�

III. RESULTS AND DISCUSSION

Based on the final expressions derived, we illustrate case
studies specifically designed for the ongoing AFM measure-
ments using a colloidal particle attached to the cantilever. All
results are in dimensional forms to facilitate the physical
interpretation. The pressure field and resistance force are de-
termined by three key factors: �i� The slip length, �ii� the
particle/substrate separation distance, and �iii� the appear-
ance of asperities/bubbles in various sizes, and their combi-
nation effects. We skip the linear effects due to the dynamic
viscosity and the particle approaching speed since both pa-
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rameters are factored out from the correction functions, and
we assume that they have fixed values �=0.001 kg/ms and
v=20 �m/s. In a typical AFM experiment in evaluating the
slip length, one can determine the measurable parameters Rl,
hs, Ha, and ra by direct surface profiling using conventional
AFM probe. Because the radius and center point of the
idealized asperity are unknowns, these parameters are re-
quired to determine hl and Rs from simple geometry relations
�Fig. 2�,

hl = Ha − �, � = Rl�1 − cos �l�, �l = sin−1�ra/Rl� �48�

and

Rs = � ra

sin �s
�, �s = � − 2�, � = tan−1� ra

Ha − hS
�

�49�

Figure 3 shows the results of instantaneous pressure fields
in a various combination of the key effects aforementioned.
To facilitate the interpretation, we use rather large asperity/
bubble in cases c, d, and e for comparison. The particle
radius and the approaching speed are remained fixed at
Rl=20 �m and v=20 �m/s. All cases studied have vanish-
ing pressure at r�5 �m compared with the magnitude of the
concentrated pressure near the center point. Cases a, c, and f
with no-slip boundary condition express higher pressure dis-
tributed along the radial direction compared with the results
obtained by the corresponding slip cases b, d, and g. Observ-
ing the perfectly smooth particle in case a and its identical
case f , case f has closer particle/substrate separation distance
reducing from 100 to 50 nm. Its pressure field increases ex-
actly four folds, which verifies the inverse square effect of
the separation distance for the no-slip case with p*=1 and

p=3�vR /H2. Cases c and d �dashed lines� have protruded
microasperity and their pressure distributions fall into the
range between two groups �a ,b� and �f ,g�, however, the
concentrated pressure only raises from the intersection point
of two spherical profiles toward the axial line, 0�r
ra, in
contrast to the effective range 0
r�� for the slip effect.
This is a direct result of the identical far-field boundary con-
dition assigned to the pressure equation for both cases with
and without asperities. In the case e, we include a mi-
crobubble and show that the buildup of pressure field near
the center point is relatively low compared to all other cases
due to the finite slip length and the free surface boundary
condition at the solid and bubble surfaces, respectively.

Figure 4 illustrates the slip length effect to the force
correction function f*. Cases b �hl=100 nm� and g
�hl=50 nm� are the results from Eq. �6� for a smooth surface,
and case d �hs=50 nm� is the result of Eq. �26� for a surface
with a protruded asperity. About fifty percent of the
resistance force is significantly reduced when O�b�
O�h�

O �50 nm� compared with no-slip case. By comparing
cases b and g, the force reduction becomes more significant
as the separation distance decreases. When an asperity ap-
pears �case d�, the correction function can reach slightly be-
yond unity near the no-slip regime because the base case for
comparison is formulated by the distance hl in the Taylor’s
equation instead of the true separation distance hs. Compar-
ing cases b and d, the configurational effect that causes
higher pressure distribution near the asperity vanishes as the
slip length increases.

Figure 5 shows the approach curves of cases a–e corre-
sponding to those cases demonstrated in Fig. 3. The ap-
proach curve depicts the total resistance force contributed by
the local pressure force vs the minimum particle/substrate
separation distance. The particle approaches from 600 nm
away from the substrate down to 20 nm where the classical
no-slip case �a� monotonically increases its maximum resis-
tance up to 7.5 nN. This peak value reduces significantly to
4.3 nN when slip length 10 nm is applied, shown by case b.

FIG. 3. The comparison of instantaneous pressure fields induced
by close-approached surfaces with �=10−3 kg/ms, v=20 �m/s,
Rl=20 �m, and b=10 nm. The detail boundary conditions and ad-
ditional geometry parameters are �a, no-slip; b, slip� hl=100 nm, �c,
no-slip/asperity; d, slip/asperity; e, slip/bubble� hs=50 nm,
hl
100 nm, ra=1.0 �m, ha=125 nm, and Rs
6.7 �m, �f , no-slip;
g, slip� hl=50 nm.

FIG. 4. Correction function f* vs slip length b corresponding to
the configurations and separation distances of cases b, d, and g in
Fig. 3.
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Comparing no-slip cases a and c, the resistance force reduces
in case c because the pressure is relieved around the asperity
and continuously decreases as being away from the center
point. For slip case d and e, the resistance force drops further
to values less than 2 nN due to the effect combining slip and
pressure relief. Evidently for AFM experiments in predicting
the slip length, if a simple roughness pattern appears, one
should not ignore the effect generated by asperities or
bubbles, otherwise the slip length will be overpredicted since
both slip and the existence of asperity provide pressure relief
and correspondingly reduce the total resistance force. For
example, if we increase the slip length from 10 to 30 nm for
case b, its approach curve will be hardly distinguished from
the one obtained by curve c, where no-slip conditions is ap-
plied and an asperity is protruded about 50 nm from the pro-
file of the large sphere.

In AFM/SFA experiments the size effect can be excluded
by a pre-profiling experiment using an AFM probe. Quanti-
tative comparisons in Figs. 6 and 7 show that the deviation
of pressure fields �Fig. 6� can be clearly seen from cases a
and b in the upper section presenting asperities, and cases a
and b in the lower section for bubbles, but is not very dis-
tinguishable for the approach curves predicted in Fig. 7. The
deviation of the resistance force from cases a to b is not
obvious even in the near-field regime with separation dis-
tance less than 50 nm �Fig. 7�. This is because higher pres-
sure only building up near the very center region with rela-
tive small fraction of the surface area, and its integral force
contribution is negligible compared to the total resistance. In
case c, the deviation becomes significant when the asperity/
bubble size increases to Rs
13.4 �m.

IV. CONCLUSIONS

We present exact and approximate solutions for various
cases of hydrodynamic resistance force of close-approached
smooth and rough surfaces. The idealized roughness effect is
presented by a single asperity or an entrapped bubble that

occupies only a small surface area of the colloidal probe. The
asperities or bubbles are assumed sparsely distributed so that
the analytical solution can be obtained for an axisymmetric
case under the lubrication regime. Our analysis is in particu-
lar suitable for AFM/SFA experiments in determining con-
stant slip length by fitting the approach curves. The results
indicate: �i� For a simple rough surface, that is, a surface
without periodic or hierarchical structure, one should not ap-
ply a position shift for the solid boundary as an apparent wall
position to accommodate the deviation from those for a per-

FIG. 5. Approach curves showing total resistance force vs mini-
mum separation distance corresponding to cases a–e in Fig. 3. FIG. 6. Instantaneous pressure fields for various sizes of

asperities �upper section, b=0� and bubbles �lower section,
b=10 nm on solid surfaces� with �=10−3 kg/ms, v=20 �m/s,
Rl=20 �m, hs=20 nm, hl
70 nm. Additional parameters have the
following values: �a� ra=200 nm, Ha=71 nm, Rs
418 nm, �b�
ra=1 �m, Ha=95 nm, Rs
6.7 �m, �c� ra=2 �m, Ha=170 nm,
Rs
13.4 �m.

FIG. 7. Approach curves showing total resistance force vs mini-
mum separation distance for cases a, b, and c corresponding to the
upper and lower sections demonstrated in Fig. 6.
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fectly smooth surface. The pressure buildup is a local effect
and its value strongly depends on the size and shape of the
single protruded asperity/bubble. �ii� The slip behavior due
to the physicochemical properties of the solid surface or the
aqueous environment is often convoluted with the roughness
effect. For example, one can change the slip length to match
the pressure distribution, thus the experimental data need to
be considered carefully in case of an accidental fit that leads
to misinterpretations. Finally, we have provided physical pa-
rameters that can be used as a starting point to evaluate a

simple roughness effect combined with slippery boundary
conditions using AFM/SFA measurement techniques. Poten-
tial analysis including far/near-field physicochemical effects
such as electric double layer and van der Waals forces may
also be considered under this framework.
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